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UNSTABLE METRIC PRESSURE OF PARTIALLY
HYPERBOLIC DIFFEOMORPHISMS WITH
SUB-ADDITIVE POTENTIALS
WENDA ZHANG, ZHIQIANG LI, AND YUNHUA ZHOU
Abstract. In this paper, we define and study unstable measure
theoretic pressure for C1-smooth partially hyperbolic diffeomor-
phisms with sub-additive potentials. We show that this measure
theoretic pressure for any ergodic measure equals the correspond-
ing unstable measure theoretic entropy plus the Lyapunov expo-
nents of the potentials with respect to the ergodic measure. On
the other hand, we also give other definitions of unstable metric
pressure, in terms of the Bowen’s picture and the capacity picture.
We show that all definitions of unstable metric pressure, including
the one defined at the beginning, actually coincide for any ergodic
measure.
1. Introduction
As a natural generalization of topological entropy, topological pres-
sure for a given continuous function on the phase space roughly mea-
sures the orbit complexity of iterated maps on the potential functions.
In [14], Ruelle first defined topological pressure for expansive maps.
Under some assumptions, he also established a variational principle,
which was generalized by in [16] by Walters in full generality. In [12],
Pesin and Pitskel defined topological pressures for non-compact sub-
sets and proved a variational principle under some supplementary con-
ditions. Based on Katok’s work [10], He, Lv, and Zhou [5] introduced
measure theoretic pressure for ergodic measures. All pressure men-
tioned are about additive potentials–the sequence of continuous func-
tions consisting of summations over orbits of the dynamical map.
On the other hand, sub-additive potentials for a dynamical system is
a sequence of continuous functions satisfying sub-additivity condition
involving the dynamical map. In [4], Falconer first introduced topolog-
ical pressures for sub-additive potentials on mixing repellers. Barreira
in [1] generalized Pesin and Pitskel’s work [12] to topological pressure
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for general potentials. With restrictive assumptions on the potentials,
they proved variational principles. In [3], without any restrictions, Cao,
Feng, and Huang obtained a variational principle of topological pres-
sure for sub-additive potentials. Furthermore, Cheng, Cao, Hu, and
Zhao investigated measure theoretic pressure for non-additive poten-
tials, see [2], [7].
In recent years, the theory of entropy and pressure for C1-smooth
partially hyperbolic diffeomorphisms are intensively investigated. In
[8], Hu, Hua, and Wu introduced the unstable topological and metric
entropy, obtained the corresponding Shannon-McMillan-Breiman the-
orem, local entropy formula, and established the corresponding varia-
tional principle. The main feature of these unstable entropies is to rule
out the complexity on central directions and focus on that on unstable
directions. In fact, the unstable metric entropy in [8] has root in the
entropy introduced by Ledrappier and Young ([11]), and is easier to ap-
ply. In [15], Tian and Wu generalize the above result with additional
consideration of an arbitrary subset (not necessarily compact or invari-
ant). In [9], Hu, Wu, and Zhu investigated the unstable topological
pressure for additive potentials, and obtained a variational principle.
It is a natural task to extend pressure theory to the case of sub-
additive potentials of C1-smooth partially hyperbolic diffeomorphisms.
In [18], we introduce sub-additive unstable topological pressure, and
set up a corresponding variational principle.
In this paper, we define and study sub-additive unstable measure
theoretic pressure. For any ergodic measure, we show that this met-
ric pressure equals the corresponding unstable metric entropy plus the
corresponding Lyapunov exponents with respect to the measure. More-
over, we also formulate and study other definitions of unstable metric
pressure, in terms of the Bowen’s picture and the capacity picture. It
turns out that all definitions of unstable metric pressure, including the
one defined at the beginning, actually coincide for any ergodic measure.
Our main results read as follows.
Theorem 1.1. Let there be given a C1-smooth partially hyperbolic dif-
feomorphism f : M → M , and a sequence of sub-additive potentials
G = {log gn}n≥1 of f on M . Then for any µ ∈Mef (M), we have
P uµ (f,G) = huµ(f) + G∗(µ).
Combing with Theorem 1.1 in [18], we have the following variational
principle.
Corollary 1.2. Let f : M → M be a C1 partially hyperbolic diffeo-
morphism and G = {log gn}∞n=1 be a sequence of sub-additive potentials
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of f on M . Then
P u(f,G) = sup{P uµ (f,G) : µ ∈Mef (M)}.
Theorem 1.3. Let there be given a C1-smooth partially hyperbolic dif-
feomorphism f : M → M , and a sequence of sub-additive potentials
G = {log gn}n≥1 of f on M . Then for any µ ∈Mef (M), one has
P uµ (f,G) = CP uµ(f,G) = CP uµ(f,G) = P uB,µ(f,G).
(All terms involved are defined in Section 2 and 4, see in particular
Definition 2.4, 4.1, 4.3, 4.4, and 4.5. The sets Mf (M) and Mef (M)
refer to the collection of f -invariant and ergodic probability measures
on M respectively.)
The paper is organized as follows. In Section 2, we set up notation,
and give definition of the unstable measure theoretic pressure for sub-
additive potentials. In Section 3, we prove Theorem 1.1 in two steps.
In Section 4, we give other definitions of unstable metric pressure, in
terms of the Bowen’s picture and the capacity picture. Moreover, we
give a proof of Theorem 1.3.
2. Notation and definitions.
Let M be an n-dimensional, smooth, connected, and compact Rie-
mannian manifold without boundary; and f : M → M be a C1-
diffeomorphism. We say f is partially hyperbolic, if there exists a
nontrivial Df -invariant splitting TM = Es
⊕
Ec
⊕
Eu of the tangent
bundle into stable, central, and unstable distributions, such that all
unit vectors vσ ∈ Eσx (σ = s, c, u) with x ∈M satisfy
‖ Dxfvs ‖<‖ Dxfvc ‖<‖ Dxfvu ‖,
and
‖ Dxf |Esx‖< 1 and ‖ Dxf−1 |Eux‖< 1,
for some suitable Riemannian metric on M . The stable distribution Es
and unstable distribution Eu are integrable to the stable and unstable
foliations W s and W u respectively such that TW s = Es and TW u =
Eu (cf. [6]).
In this paper, we always work in the setting of C1-smooth partially
hyperbolic system (M, f).
Definition 2.1. Given a sequence of continuous functions G = {log gn}∞n=1
on M , G is called a sequence of sub-additive potentials of f if
log gm+n(x) ≤ log gn(x) + log gm(fnx),∀x ∈M,∀m,n ∈ N.
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Remark 2.2. For any f -invariant Borel probability measure µ, set
G∗(µ) = lim
n→∞
1
n
∫
log gndµ,
and G∗(µ) is called the Lyapunov exponent of G with respect to µ. The
existence of this limit follows from a sub-additive argument. It takes
values in [−∞,+∞). Moreover, the Sub-additive Ergodic Theorem (see
[17], Theorem 10.1) implies that for an ergodic measure µ, one has
G∗(µ) = lim
n→∞
1
n
log gn(x), µ− a.e. x.
Next we recall some basic facts about unstable entropy (see [8]).
Given any probability measure ν and any finite measurable partition η
of M , and denote by η(x) the element of η containing x. The canonical
system of conditional measures for ν and η is a family of probabil-
ity measures {νηx : x ∈ M} with νηx(η(x)) = 1, such that for every
measurable set B ⊂M,x 7→ νηx(B) is measurable and
ν(B) =
∫
X
νηx(B)dν(x).
A classical result of Rokhlin (cf. [13]) says that if η is a measurable
partition, then there exists a system of conditional measures with re-
spect to η. It is essentially unique in the sense that two such systems
coincide for sets with full ν-measure. For measurable partitions α and
η, let
Hν(α|η) := −
∫
M
log νηx(α(x))dν(x).
denote the conditional entropy of α for given η with respect to ν.
Take 0 > 0 small. Let P = P0 denote the set of finite Borel
partitions α of M whose elements have diameters smaller than or equal
to 0, that is, diam α := sup{diam A : A ∈ α} ≤ 0. For each β ∈ P
we can define a finer partition η such that η(x) = β(x) ∩W uloc(x) for
each x ∈ M , where W uloc(x) denotes the local unstable manifold at
x whose size is greater than the diameter 0 of β. Since W
u is a
continuous foliation, η is a measurable partition with respect to any
Borel probability measure on M .
Let Pu denote the set of partitions η obtained in this way and sub-
ordinate to unstable manifolds. Here a partition η of M is said to be
subordinate to unstable manifolds of f with respect to a measure µ if
for µ-almost every x, η(x) ⊂ W u(x) and contains an open neighborhood
of x in W u(x). It is clear that if α ∈ P satisfies µ(∂α) = 0, where ∂α :=
∪A∈α∂A, then the corresponding η given by η(x) = α(x)∩W uloc(x) is a
partition subordinate to unstable manifolds of f .
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The unstable metric entropy in [8] is defined as follows.
Definition 2.3. For any µ ∈ Mf (M), any η ∈ Pu, and any α ∈ P,
define
hµ(f, α|η) = lim sup
n→∞
1
n
Hµ(α
n−1
0 |η),
and
hµ(f |η) = sup
α∈P
hµ(f, α|η).
The unstable metric entropy of f is defined by
huµ(f) = sup
η∈Pu
hµ(f |η).
We define unstable metric pressure for sub-additive potentials as
follows.
Take any η ∈ Pu. A subset F ⊆ η(x) is called an (n, , γ) u-spanning
set of η(x), if
µηx (∪y∈FBun(y, )) ≥ 1− γ,
where Bun(y, ) = {z ∈ W u(x) : dun(y, z) ≤ } is the (n, ) u-Bowen ball
around y.
Definition 2.4. For any x ∈ M , any η ∈ Pu, any positive number γ,
any natural number n, any sequence G of sub-additive potentials of f
on M , and any µ ∈Mf (M), set
P uµ (f,G, , n, η(x), γ)
:= inf
{∑
y∈F
sup
z∈Bun(y,)
gn(z) | F is an (n, , γ)u-spanning subset of η(x)
}
,
P uµ (f,G, , η(x), γ) := lim sup
n→∞
1
n
logP uµ (f,G, , n, η(x), γ),
and
P uµ (f,G, η(x), γ) := lim
→0
P uµ (f,G, , η(x), γ).
The unstable measure-theoretic pressure of f with respect to G is defined
by
P uµ (f,G) := sup
η∈Pu
∫
M
lim
γ→0
P uµ (f,G, η(x), γ) dµ(x).
Remark 2.5. For any continuous function ϕ ∈ C(M), the correspond-
ing sequence G = {Snϕ(x) =
n−1∑
i=0
ϕ(f ix)} is additive and hence sub-
additive. We simply write P uµ (f,G) as P uµ (f, ϕ), which actually coin-
cides with the classical definition.
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3. unstable metric pressure equals unstable metric
entropy plus Lyapunov exponent
In this section, we prove Theorem 1.1 in two steps. First we show
the conclusion is true in the case of additive potentials. Second we
prove Theorem 1.1 for sub-additive potentials, with some help of the
previous case.
3.1. The case of additive potentials.
Theorem 3.1. For any ϕ ∈ C(M,R) and µ ∈Mef (M), we have
P uµ (f, ϕ) = h
u
µ(f) +
∫
M
ϕdµ.
The proof of this theorem splits into the following two lemmas.
Lemma 3.2. For any ϕ ∈ C(M,R) and µ ∈Mef (M), we have
P uµ (f, ϕ) ≤ huµ(f) +
∫
M
ϕdµ.
Proof. Given any  > 0, any 0 < γ < 1, any large n ∈ N, any ρ > 0,
and any η ∈ Pu. Let us choose a finite partition α of M such that the
diameter of α is less than /2C, where C > 1 satisfies
d(y, z) ≤ du(y, z) ≤ Cd(y, z) for any y, z ∈ η(x).
Since µ is ergodic, according to the Theorem B in [8], one has
lim
n→∞
− 1
n
log µηx(α
n−1
0 (x)) = h
u
µ(f), µ− a.e. x ∈M.
Hence for µ− a.e. x ∈M , one has
lim
n→∞
− 1
n
log µηx(α
n−1
0 (y)) = h
u
µ(f), µ
η
x − a.e. y ∈ η(x).
Then for µηx−a.e. y, there exists anN(y, ρ) > 0 such that if n ≥ N(y, ρ),
then
µηx(α
n−1
0 (y)) ≥ e−n(h
u
µ(f)+ρ).
Set
En = {y ∈ η(x) | N(y, ρ) ≤ n},
then
µηx(
∞⋃
n=1
En) = 1.
So µηx(En) ≥ 1 − γ/2 if n is large enough. Then it is easy to see that
En intersects at most e
n(huµ(f)+ρ) members of αn−10 and can be covered
by the same number of (n, ) u-Bowen balls. If we take a point from
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each member of αn−10 ∩ En, then it is clear that they contribute to an
(n, ) u-spanning set Fn of En. Moreover,
|Fn| ≤ en(huµ(f)+ρ) (∗).
On the other hand, according to the Birkhoff’s ergodic theorem, one
has
lim
n→∞
1
n
Snϕ(y) =
∫
M
ϕdµ, µ− a.e. y.
By the Egoroff’s Theorem, there is a measurable set B with µ(B) ≥
1− γ/2, and (1/n)Snϕ converges uniformly to
∫
M
ϕdµ on B.
So if one can take n to be further large enough, and set E = B∩En,
then µηx(E) > 1− γ; moreover,
1
n
Snϕ(y) ≤
∫
M
ϕdµ+ ρ, for all y ∈ E.
Take F to be an (n, )u-spanning set of E with the smallest cardi-
nality, then |F | ≤ en(huµ(f)+ρ) based on (∗). Then for any z ∈ F , there
is a y(z) ∈ E such that dun(z, y(z)) < . Therefore,∑
z∈F
exp(Snϕ)(z) ≤
∑
z∈F
exp((Snϕ)(y(z)) + nτ)
≤
∑
z∈F
exp(n(
∫
M
ϕdµ+ ρ) + nτ)
≤ expn(huµ(f) +
∫
M
ϕdµ+ 2ρ+ τ),
where τ = sup{|ϕ(x)− ϕ(y)| : d(x, y) < }. Then,
P uµ (f, ϕ, , η(x), γ) ≤ huµ(f) +
∫
M
ϕdµ+ 2ρ+ τ.
Let γ → 0 and  → 0 (hence τ → 0), since ρ > 0 is arbitrary, we
obtain
P uµ (f, ϕ) ≤ huµ(f) +
∫
M
ϕdµ.

Lemma 3.3. For any ϕ ∈ C(M,R) and µ ∈Mef (M), we have
P uµ (f, ϕ) ≥ huµ(f) +
∫
M
ϕdµ.
Proof. For any  > 0, any natural number n, any η ∈ Pu, and any
0 < γ < 1, we first give a lower bound for the minimal cardinality
Su(f, , n, η(x), γ) of (n, , γ) u-spanning sets of η(x).
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Let us recall some facts about the Hamming metric. For positive
integers N and n, let us set
ωN,n = {ω = (ω0, · · · · · · , ωn−1) | ωi ∈ {1, · · · · · · , N}, 0 ≤ i ≤ n− 1} .
The Hamming metric ρHN,n on ωN,n is defined by
ρHN,n(ω, ω¯) =
1
n
n−1∑
i=0
(1− δωiω¯i),
where δkl is the Kronecker symbol.
For ω ∈ ωN,n, r > 0, we denote by BH(ω, r) the closed r-ball in
the metric ρHN,n with the center at ω. The standard combinatorial
arguments show that the number of points in BH(ω, r), say B(r,N, n),
depends only on r, N , n (not on ω), and equals
B(r,N, n) =
[nr]∑
m=0
(N − 1)mCmn .
By the Stirling’s formula, if 0 < r < (N − 1)/N , then it is easy to see
that
(3.1) lim
n→∞
logB(r,N, n)
n
= r log(N − 1)− r log r− (1− r) log(1− r).
For any y ∈M and P0 3 α = {A1, · · · · · · , AN}, set
ωy,n =
{
ω = (ω0, · · · · · · , ωn−1) | ωi ∈ {1, · · · · · · , N}, f iy ∈ Aωi , 0 ≤ i ≤ n− 1
}
.
Now we define a semi-metric dαn on M by
dαn(y, z) := ρ
H
N,n(ωy,n, ωz,n) =
1
n
n−1∑
i=0
(1− δωiω¯i).
Now for every  > 0, set
∂(α) =
⋃
A∈α
∂(A),
where
∂(A) = {y ∈ A : there exists a z ∈M \ A such that d(y, z) < }.
Since
⋂
>0
∂(α) = ∂α, one has lim
→0
µ(∂(α)) = µ(∂α). (Moreover, we can
assume that the measure µ is everywhere dense in M , i.e., the measure
of any non-empty open subset of M is positive.)
Let us focus on those partition α ∈ P0 with µ(∂α) = 0. For any
s > 0, if  is small enough, then µ(∂(α)) < s
2/4. If y, z ∈ M and
dn(y, z) < , then for every 0 ≤ i ≤ n− 1 either f iy and f iz belong to
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the same member of α, or both of them belong to ∂(α). Let us denote
for brevity the characteristic function on ∂(α) by χ and set
Bn,s = {y ∈M |
n−1∑
i=0
χ(f
iy) <
ns
2
}.
Since
∫
M
χdµ < s
2/4 and f preserves the measure µ, we have
ns2
4
≥
∫
M
n−1∑
i=0
χ(f
iy)dµ
≥
∫
M\Bn,s
n−1∑
i=0
χ(f
iy)dµ
≥ ns
2
µ (M \Bn,s) ,(3.2)
and so µ(Bn,s) > 1− s/2. Hence for µ− a.e. x ∈M , one has
µηx(Bn,s ∩ η(x)) > 1− s/2. (∗)
If y ∈ Bn,s and dn(y, z) < , then dαn(y, z) < s/2. In other words, any
intersection of an -ball in the metric dn with the set Bn,s is contained
in some /2-ball in the semi-metric dαn(y, z).
Since µ is ergodic, according to Theorem B in [8], one has
lim
n→∞
− 1
n
log µηx(α
n−1
0 (x)) = h
u
µ(f), µ− a.e. x.
Then for µ− a.e. x ∈M , one has
lim
n→∞
− 1
n
log µηx(α
n−1
0 (y)) = h
u
µ(f), µ
η
x − a.e. y ∈ η(x)
since µηx = µ
η
y. Therefore, for µ−a.e. y, there exists a N(y) = N(y, ρ) >
0 such that if n ≥ N(y), then
µηx(α
n−1
0 (y)) ≤ e−n(h
u
µ(f |η)−ρ).
Denote by En = En(ρ) = {y ∈ η(x) | N(y, ρ) ≤ n}, then En ⊆ En+1
and µ(∪∞n=1En) = 1. So for each γ > 0, there exists an N , such that
µηx(EN) ≥ 1− γ.
Now for each x ∈ EN with (∗) being true, consider a system U of S
ρ-balls in the dun-metric, such that these balls cover a subset Fn ⊆ η(x)
with µηx(Fn) ≥ 1−γ (note that S = Su(f, , n, η(x), γ)). In other words,
U :=
{
Bun(yi, ), 1 ≤ i ≤ S | Fn ⊆
S⋃
i=1
Bun(yi, ) andµ
η
x(Fn) ≥ 1− γ
}
.
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Then
µηx(Fn ∩Bn,s) ≥ 1− γ − s/2.
Suppose that s < 1−γ, then µηx(Fn∩B(n,s)) > (1−γ)/2. Since every ball
Buyi, is contained in Bn(yi, ), we claim that the intersection of every
ball of U with Bn,s is contained in some s/2-ball in d
α,u
n . Then there
exist Su(f, ρ, η(x), δ, γ) balls of radius s/2 in the metric dα,un , which
cover the set Fn ∩Bn,s whose µηx-measure is greater than (1− γ)/2.
To be precise, set
P (n, y) :=
(
α(y), α(fy), α(f 2y), · · · , α(fn−1y)) ,
we call P (n, y) the (α, n)-path of y. Suppose V ∈ αn−10 , it is obvious
that for any two points y, z ∈ V , P (n, y) = P (n, z), denote it by
P (n, V ). Set
BUs
2
(yi) := {V ∈ αn−10 | dα,un (P (n, V ), P (n, yi)) <
s
2
},
where yi, i = 1, 2, · · · , Su(f, ρ, n, η(x), γ) are the centers of the balls in
U. These are the s/2-balls we claimed.
While for sufficiently large n, some subset of the set Fn ∩ Bn,s with
measure greater than (1 − γ)/4 consists of elements of αn−10 ∩ η(x)
and the measure of such an element is less than e−n(h
u
µ(f)−ρ) by the
conclusion before. Consequently, the number of such elements is more
than (1− γ)en(huµ(f)−ρ)/4.
Set
BUs
2
=
Su(f,ρ,n,η(x),γ)⋃
i=1
BUs
2
(yi),
note that cardinality of each BUs
2
(yi) is at most B(
s
2
, |α|, n), then
Card(BU
2
) ≤ Su(f, ρ, n, η(x), γ) ·B(s
2
, |α|, n).
Thus we have
Su(f, ρ, n, η(x), γ) ·B(s
2
, |α|, n) ≥ (1− γ)e
n(huµ(f)−ρ)
4
.
On the other hand, since µ is ergodic, according to the Birkhoff’s
ergodic theorem, one has
lim
n→∞
1
n
Snϕ(y) =
∫
M
ϕdµ, µ− a.e. y.
Hence for any λ > 0 and µ− a.e. y, there exists a N(y) = N(y, λ) > 0
such that if n ≥ N(y), then
1
n
Snϕ(y) ≥
∫
M
ϕdµ− λ.
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Set Hn = Hn(λ) = {y ∈ M | N(y, λ) ≤ n}, then Hn ⊆ Hn+1
and µ(∪∞n=1Hn) = 1. So there exists an N > 0 large enough such that
µ(HN) > 1−γ/2. Let Ax be a subset of η(x) with µηx(Ax) > 1−γ/2 and
F ′ be an (n, ) u-spanning set of Ax with cardinality Su(f, , n, η(x), γ).
Set A = Ax ∩ HN , then µηx(A) > 1 − γ. Let F ⊆ F ′ be an (n, ) u-
spanning set of A with smallest cardinality. Then for any z ∈ F , there
exists y(z) ∈ A such that dun(z, y(z)) < .
Therefore,∑
z∈F
exp(Snϕ)(z) ≥
∑
z∈F
exp((Snϕ)(y(z))− nτ)
≥
∑
z∈F
exp(n(
∫
M
ϕdµ− λ)− nτ)
≥ (1− γ)e
n(huµ(f)−ρ)
4B( s
2
, |α|, n) exp(n(
∫
M
ϕdµ− λ)− nτ),
where τ := sup{|ϕ(x)− ϕ(y)| : d(x, y) < }. Therefore,
P uµ (f, ϕ, ρ, η(x), γ) ≥ huµ(f) +
∫
M
ϕdµ− λ− ρ− τ −O(s),
where O(s) = s
2
log(N−1)− s
2
log s
2
−(1− s
2
) log(1− s
2
). Since λ, ρ, s,  are
arbitrarily small, let them tend to 0 (and hence τ → 0 and O(s)→ 0),
we obtain
P uµ (f, ϕ) ≥ huµ(f, α|η) +
∫
M
ϕdµ.

3.2. The case of sub-additive potentials–a proof of Theorem
1.1.
Lemma 3.4. Let f : M → M be a C1-smooth partially hyperbolic
diffeomorphism and G = {log gn}∞n=1 be a sequence of sub-additive po-
tentials of f . For any positive integer l and small number ρ > 0, there
exists an 0 > 0 such that for any 0 <  < 0, the following inequality
holds:
sup
z∈Bun(y,)
log gn(z) ≤
n−1∑
i=0
1
l
log gl(f
iy) + nρ+ C, ∀n,∀y ∈M,
where Bun(y, ) = {z ∈ W u(x) : dun(y, z) ≤ } is the (n, ) u-Bowen ball
around y and C is a constant independent of ρ and .
Proof. Note that the distance du on the unstable manifold is equivalent
to the Riemannian metric d (see the observation in front of Proposition
2.4 of [9] ), so any unstable local neighborhood W u(x, δ) is compact
12 WENDA ZHANG, ZHIQIANG LI, AND YUNHUA ZHOU
under du. Then one can get the desired result using a similar argument
of Lemma 2.2 of [7].

Now we proceed to prove Theorem 1.1.
Proof. First we prove huµ(f) + G∗(µ) ≥ P uµ (f,G).
For any positive integer l and any ρ > 0, by Lemma 3.4, there is a
constant C such that if  is small enough, one has
P uµ (f,G, , n, η(x), γ)
= inf
{∑
y∈F
sup
z∈Bun(y,)
gn(z) | F is an (n, , γ)u-spanning subset of η(x)
}
= inf
{∑
y∈F
exp( sup
z∈Bun(y,)
log gn(z)) | F is an (n, , γ)u-spanning subset of η(x)
}
≤eC+nρ inf
{∑
y∈F
exp(
1
l
n−1∑
i=1
log gl(f
i(y))) | F is an (n, , γ)u-spanning subset of η(x)
}
.
Set
M(n, ) = inf
{∑
y∈F
exp(
1
l
n−1∑
i=1
log gl(f
i(y))) | F is an (n, , γ)u-spanning subset of η(x)
}
,
then apply Theorem 3.1 for the potential ϕ =
1
l
log gl, one has
lim
→0
lim sup
n→∞
1
n
logM(n, ) = huµ(f) +
∫
M
1
l
log gldµ.
Therefore,
P uµ (f,G, η(x), γ) ≤ huµ(f) +
∫
M
1
l
log gldµ+ ρ.
Let l→∞ and by the arbitrariness of ρ, one has
P uµ (f,G) ≤ huµ(f) + G∗(µ).
Second, we prove the inverse inequality
P uµ (f,G) ≥ huµ(f) + G∗(µ).
For each s > 0, there exists 0 < ρ ≤ s, a measurable partition P 3
α = {A1, · · · · · · , Am}, and a finite open cover U = {U1, · · · · · · , Uk} of
M with k ≥ m, such that the following properties hold (using regularity
of the measure µ):
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(1) diamα := sup{diamAi | Ai ∈ α} ≤ s and diamU := sup{diamUj |
Uj ∈ U} ≤ s;
(2) Ui ⊆ Ai, 1 ≤ i ≤ m;
(3) µ(Ai \ Ui) ≤ ρ, 1 ≤ i ≤ m and µ(
k⋃
i=m+1
Ui) ≤ ρ;
(4) 2ρ logm ≤ s.
Set
Sn(x) := Card{0 ≤ l ≤ n− 1 | f l(x) ∈
k⋃
i=m+1
Ui},
We claim that there exists a EN ⊆M with µ(EN) > 1− γ such that if
n ≥ N , then for any y ∈ EN one has
(1) Sn(y) ≤ 2ρn;
(2) µηy(α
n−1
0 (y)) ≤ e−n(huµ(f |η)−ρ);
(3) G∗(µ)− ρ ≤ 1
n
log gn(y) ≤ G∗(µ) + ρ.
Indeed since µ is ergodic, take h to be the characteristic function on
the set
k⋃
i=m+1
Ui, then Sn(x) =
n−1∑
i=0
h(f ix). According to the Birkhoff’s
ergodic theorem, one has
lim
n→∞
1
n
n−1∑
i=0
h(f iy) =
∫
M
hdµ = µ(
k⋃
i=m+1
Ui) ≤ ρ, µ− a.e. y.
By the Sub-additive Ergodic Theorem, one has
lim
n→∞
1
n
log gn(y) = G∗(µ), µ− a.e. y.
By Theorem B in [8], one has
lim
n→∞
− 1
n
log µηy(α
n−1
0 (y)) = h
u
µ(f |η), µ− a.e. y.
Hence, for µ − a.e. y, there exists an N(y) = N(y, ρ) > 0 such that if
n ≥ N(y), then
Sn(y) ≤ 2nρ, µηx(αn−10 (y)) ≤ e−n(h
u
µ(f |η)−ρ),
and
G∗(µ)− ρ ≤ 1
n
log gn(y) ≤ G∗(µ) + ρ.
Set En = {y ∈M | N(y) = N(y, ρ) ≤ n}, then µ(∪∞n=1En) = 1. So
there exists an N > 0 large enough with µ(EN) > 1 − γ, such that if
n > N , then for any y ∈ EN , one has
(1) Sn(y) ≤ 2ρn;
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(2) µηy(α
n−1
0 (y)) ≤ e−n(huµ(f |η)−ρ);
(3) G∗(µ)− ρ ≤ 1
n
log gn(y) ≤ G∗(µ) + ρ.
Hence the claim above is verified.
For the set EN , there exists x ∈ M such that µηx(EN) = µηx(EN ∩
η(x)) > 1 − γ. Set A := EN ∩ η(x), if n > N , then for every y ∈ A,
one has
(1) Sun(y) ≤ 2ρn;
(2) µηx(α
n−1
0 (y)) ≤ e−n(huµ(f |η)−ρ);
(3) G∗(µ)− ρ ≤ 1
n
log gn(y) ≤ G∗(µ) + ρ;
where Sun(y) := Card{0 ≤ l ≤ n− 1 | f l(x) ∈
⋃k
i=m+1(Ui ∩ η(x))}.
Set
(αn−10 )
∗ := {D ∈ αn−10 | D ∩ A 6= ∅}.
Then for any n ≥ N , one has
(3.3)
Card((αn−10 )
∗) ≥
∑
D∈(αn−10 )∗
µηx(D)e
n(huµ(f |η)−ρ) ≥ µηx(A)en(h
u
µ(f |η)−ρ).
On the other hand, choose C > 1 satisfies d(y, z) ≤ du(y, z) ≤ Cd(y, z)
for any y, z ∈ η(x). Let 2C be less than the Lebesgue number of the
open cover U . Let F ′ be an (n, )u-spanning set of A. Suppose F ⊆ F ′
satisfies that for any y ∈ F , Bun(y, ) ∩ A 6= ∅. For each y ∈ F and
B = Bun(y, ), set
p(B,αn−10 ) = Card{C ∈ αn−10 | C ∩B ∩ A 6= ∅}.
We now estimate the number p(B,αn−10 ). Note that Bu(f jy, ) ⊆ Uuil =
Uil ∩ η(x) for some Uil ∈ U . If 1 ≤ il ≤ m, then f−lUuil ⊆ f−lAuil , where
Auil = Ail ∩ η(x). If m + 1 ≤ il ≤ k, then there are at most m sets of
the form f−lAuil which have non-empty intersection with f
−lUuil . Since
Sun(y) ≤ 2nρ, one has p(B,αn−10 ) ≤ m2nρ. Then it follows that
Card((αn−10 )
∗) ≤
∑
z∈F
p
(
Bun(y, ), α
n−1
0
)
(3.4)
≤ Card(F )m2nρ = Card(F )e2nρ logm.(3.5)
Hence
Card(F ) ≥ µηx(A)en(h
u
µ(f |η)−ρ)−2nρ logm,
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together with the fact that Bun(z, ) ∩ A 6= ∅ for each z ∈ F , then∑
z∈F ′
exp
(
sup
y∈Bun(z,)
log gn(y)
)
≥
∑
z∈F
exp
(
sup
y∈Bun(z,)
log gn(y)
)
≥Card(F ) exp (n(G∗(µ)− ρ))
≥µηx(A) exp
(
n(huµ(f |η) + G∗(µ))− 2nρ− 2ρ logm)
)
.
This leads to
1
n
P uµ (f,G, , n, η(x), γ) ≥
1
n
µηx(A) + h
u
µ(f |η) + G∗(µ)− 2ρ−
1
n
2ρ logm,
Let n→∞, since s is arbitrary, ρ ≤ s, and 2ρ logm ≤ s, one has
P uµ (f,G) ≥ huµ(f) + G∗(µ).

Remark 3.5. From the proof above, one can see that for any µ ∈Mef
the quantity P uµ (f,G, η(x), γ) in Definition 2.4 actually doesn’t depend
on γ and η ∈ Pu for µ−a.e.x.
4. Other Definitions of unstable measure theoretic
pressure.
In this section, we investigate other definitions of unstable pressure,
in terms of the Bowen’s picture and the capacity picture.
Let G = {log gn}n be a sequence of sub-additive potentials of f on
M . Let Z ⊆ M be an arbitrary subset, and Z needn’t to be compact
or f -invariant. Take η ∈ Pu. Take the (n, ) u-Bowen ball around x:
Bun(x, ) = {y ∈ W u(x) | dun(x, y) ≤ }.
For each open cover Γ = {Buni(xi, )}i∈I of Z ∩W u(x, δ), set n(Γ) =
min{ni | i ∈ I}.
Definition 4.1. For s ∈ R, δ > 0, N ∈ N,  > 0, x ∈M , and Z ⊆M ,
set
Mu(G, s, N, , Z,W u(x, δ)) := inf
Γ
{
∑
i
exp(−sni + sup
y∈Buni (xi,)
log gni(y))},
where Γ runs over all countable open covers Γ = {Buni(xi, )}i∈I of
Z ∩W u(x, δ) with n(Γ) ≥ N .
16 WENDA ZHANG, ZHIQIANG LI, AND YUNHUA ZHOU
Let
mu(G, s, , Z,W u(x, δ)) := lim
N→∞
Mu(G, s, N, , Z,W u(x, δ)),
P uB(f,G, , Z,W u(x, δ)) := inf{s | mu(G, s, , Z,W u(x, δ)) = 0},
:= sup{s | mu(G, s, , Z,W u(x, δ)) =∞},
and
P uB(f,G, Z,W u(x, δ)) := lim inf
→0
P uB(f,G, , Z,W u(x, δ)),
then define
P uB(f,G, Z) := lim
δ→0
sup
x∈M
P uB(f,G, Z,W u(x, δ)).
We call P uB(f,G, Z) the Bowen unstable topological pressure of f on the
subset Z w. r. t. G.
Remark 4.2. 1. As a matter of fact, in Definition 4.1, we don’t have
to take the limit with respect to δ → 0. This can be seen by a simple
modification of the proof of Proposition 3.1 in [18].
2. With the replacement of W u(x, δ) by η(x), all the quantities above
make sense and then we can define the following metric pressure. This
replacement also applies to the next two definitions.
Definition 4.3. For µ ∈Mf (M), x ∈M , and the conditional measure
µηx (recall that µ =
∫
µηxdµ(x)), we define
P uB, µ(f,G, η(x)) := inf{P uB(f,G, Z, η(x)) | µηx(Z) = 1},
P uB, µ(f,G) := sup
η∈Pu
∫
M
P uB, µ(f,G, η(x))dµ(x),
which is called the Bowen unstable metric pressure of f w. r. t. G.
Definition 4.4. Set
Λu(G, n, , Z,W u(x, δ)) := inf
Γ
{
∑
i
sup
y∈Buni (xi,)
gn(y)},
where Γ runs over all open covers Γ = {Buni(xi, )}i∈I of Z ∩W u(x, δ)
with ni = n for all i.
Then define
CP u(f,G, , Z,W u(x, δ)) := lim inf
n→∞
1
n
log Λu(G, n, , Z,W u(x, δ)),
CP
u
(f,G, , Z,W u(x, δ)) := lim sup
n→∞
1
n
log Λu(G, n, , Z,W u(x, δ)),
CP u(f,G, Z,W u(x, δ)) := lim inf
→0
CP u(f,G, , Z,W u(x, δ)),
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CP
u
(f,G, Z,W u(x, δ)) := lim inf
→0
CP
u
(f,G, , Z,W u(x, δ)).
Then the lower and upper capacity unstable topological pressure of f on
Z w. r. t. G are defined by
CP u(f,G, Z) := lim
δ→0
sup
x∈M
CP u(f,G, Z,W u(x, δ)),
and
CP
u
(f,G, Z) := lim
δ→0
sup
x∈M
CP
u
(f,G, Z,W u(x, δ)).
Definition 4.5. For µ ∈Mf (M), x ∈M , and the conditional measure
µηx (recall that µ =
∫
µηxdµ(x)), we define
CP uµ(f,G, η(x)) := lim
γ→0
inf{CP u(f,G, Z, η(x)) | µηx(Z) ≥ 1− γ},
and
CP uµ(f,G) := sup
η∈Pu
∫
M
CP uµ(f,G, η(x))dµ(x).
This is called the lower capacity metric pressure of f w. r. t. G, and
similarly the upper capacity metric pressure can be defined.
Next we collect some basic properties of these pressures.
Proposition 4.6. For pressures defined above, the following properties
hold.
i) P (f,G, Z1) ≤ P (f,G, Z2) if Z1 ⊆ Z2, where P can be chosen to be
P uB, CP
u, or CP
u
.
ii) P (f,G,⋃
i
Zi) = sup
i
P (f,G, Zi) for a family {Zi}i of subsets of
M , where P can be chosen to be P uB, CP
u, or CP
u
.
iii) P uB(f,G, Z) ≤ CP u(f,G, Z) ≤ CP
u
(f,G, Z) for any subset Z ⊆
M .
iv) For any µ ∈Mf (M), one has
P uB,µ(f,G) ≤ CP uµ(f,G) ≤ CP uµ(f,G).
Proof. i), ii) follow from the definition. iii) can be proved by a quite
similar argument as the proof of Theorem 1.4 (a) in [1]. iv) follows
immediately from iii).

To prove Theorem 1.3, we prove the following two lemmas and our
proof are influenced by arguments in [7].
Lemma 4.7. For any µ ∈Mef (M), one has
CP
u
µ(f,G) ≤ huµ(f) + G∗(µ).
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Proof. For any positive integer k, any  > 0, and any small number
ρ > 0, take η ∈ Pu, by Lemma 3.2 in [8] and the Birkhoff’s ergodic
theorem, one has
lim
n→∞
− 1
n
log µηy(B
u
n(y, /2)) = h
u
µ(f |η)
for µ-a.e. y, and
lim
n→∞
1
n
n−1∑
i=0
1
k
log gk(f
iy) =
∫
1
k
log gkdµ
for µ-a.e. y.
Hence for µ-a.e. y, there exists an N(y, ρ, ) > 0 such that if n ≥
N(y, ρ, ), then
µηy(B
u
n(y, /2)) ≥ e−n(h
u
µ(f |η)+ρ),
and ∣∣∣∣∣ 1n
n−1∑
i=0
1
k
log gk(f
iy)−
∫
1
k
log gkdµ
∣∣∣∣∣ ≤ ρ.
Set Kn(ρ, ) = {y ∈ M | N(y, ρ, ) ≤ n}. Then Kn(ρ, ) ⊆ Kn+1(ρ, ),
and µ(
∞⋃
n=1
Kn(ρ, )) = 1. So there exists anN > 0 such that µ(KN(ρ, )) >
1− ρ. Furthermore, for each x ∈ KN(ρ, ), let G(x) = η(x)∩KN(ρ, ),
then µηx(G(x)) ≥ 1− ρ, and for each y ∈ G(x), one has
(4.1) µηy(B
u
n(y, /2)) = µ
η
x(B
u
n(y, /2)) ≥ e−n(h
u
µ(f |η)+ρ) (sinceµηy = µ
η
x).
By Lemma 3.4, one has
sup
z∈Bun(y,)
log gn(z) ≤ n
∫
1
k
log gkdµ+ 2nρ+ C.
Let E be an (n, ) u-separated set of KN(ρ, ) with the largest cardi-
nality. Then
η(x) ∩KN(ρ, ) ⊆
⋃
y∈E
Bun(y, ).
Furthermore, the u-balls {Bun(y, /2) | y ∈ E} are mutually disjoint,
and by (4.1), the cardinality of E is less than or equal to en(h
u
µ(f |η)+ρ).
Therefore,
Λu(G, n, ,KN(ρ, ), η(x)) ≤
∑
y∈E
sup
z∈Bun(y,)
gn(z)
≤ en(huµ(f |η)+ρ)en(
∫
1
k
log gkdµ+2ρ)+C
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Hence
CP
u
(f,G, KN(ρ, ), η(x)) ≤ huµ(f |η) +
∫
1
k
log gkdµ+ 3ρ,
and so
CP
u
(f,G, η(x)) ≤ huµ(f |η) +
∫
1
k
log gkdµ+ 3ρ.
Let k → ∞, by the arbitrariness of ρ and Theorem A in [8], one gets
that
CP
u
µ(f,G, η(x)) ≤ huµ(f) + G∗(µ).
Therefore,
CP
u
µ(f,G) ≤ huµ(f) + G∗(µ).

Lemma 4.8. For any µ ∈Mef (M), one has
P uB,µ(f,G) ≥ huµ(f) + G∗(µ).
Proof. For any ρ > 0 and γ ∈ (0, 1/2) and set λ = huµ(f) + G∗(µ)− 2ρ.
Take η ∈ Pu, then for any  > 0, by Lemma 3.2 in [8] and the sub-
additive ergodic theorem, one has
lim
n→∞
− 1
n
log µηy(B
u
n(y, )) = h
u
µ(f |η), and lim
n→∞
1
n
log gn(y) = G∗(µ)
for µ-a.e. y.
Hence for µ-a.e. y, there exists an N(y, ρ, ) > 0 such that if n ≥
N(y, ρ, ), then
µηy(B
u
n(y, )) ≤ e−n(h
u
µ(f |η)−ρ) and
1
n
log gn(y) ≥ G∗(µ)− ρ.
Set
Kn(ρ, ) = {y ∈M | N(y, ρ, ) ≤ n}.
Then Kn(ρ, ) ⊆ Kn+1(ρ, ), and µ(
∞⋃
n=1
Kn(ρ, )) = 1, then
µηx(η(x) ∩
∞⋃
n=1
Kn(ρ, )) = 1.
For any Z ⊆M with µηx(Z) = 1, set K ′ = Z∩η(x)∩
∞⋃
n=1
Kn(ρ, ), Then
µηx(K
′) = 1. So there exists an N > 0 such that µηx(KN(ρ, ) ∩ η(x) ∩
Z) > 1−γ. Set GN(x) = η(x)∩KN(ρ, )∩Z, then µηx(GN(x)) ≥ 1−γ,
and for each y ∈ GN(x), one has
(4.2) µηx(B
u
n(y, )) ≤ e−n(h
u
µ(f |η)−ρ) (sinceµηy = µ
η
x).
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Take any countable open cover Γ = {Buni(yi, /2)}i of GN(x) with
n(Γ) ≥ N . We can assume GN(x) is compact, otherwise approximate
it by a compact subset within an error. Then we may assume this
cover is finite, say {Bun1(y1, /2), ..., Bunl(yl, /2)}. For each i = 1, ..., l,
we can choose zi ∈ GN(x) ∩Buni(yi, /2), then Buni(yi, /2) ⊆ Buni(zi, ),
and {Buni(zi, )}i forms an open cover of GN(x). Then∑
Buni (zi,)∈Γ
exp(−niλ+ sup
y∈Buni (zi,)
log gni(y))
≥
l∑
i=1
exp(−niλ+ log gni(zi))
≥
l∑
i=1
exp(−niλ+ ni(G∗(µ)− ρ))
=
l∑
i=1
exp(−ni(huµ(f)− ρ))
≥
l∑
i=1
µηx(B
u
ni
(zi, ))
> 1− γ > 1
2
.
Hence
Mu(G, λ, n, ,KN ∩ Z, η(x)) > 1
2
for any ,
Thus
mu(G, λ, ,KN ∩ Z, η(x)) > 1
2
,
P uB(f,G, ,KN ∩ Z, η(x)) ≥ λ,
and
P uB(f,G, KN ∩ Z, η(x)) ≥ λ.
Then by the arbitrariness of ρ, one has
P uB(f,G, Z, η(x)) ≥ P uB(f,G, KN(ρ, ) ∩ Z, η(x))
≥ huµ(f) + G∗(µ).
Therefore,
P uB,µ(f,G) ≥ huµ(f) + G∗(µ).

Now we proceed to prove Theorem 1.3 :
UNSTABLE METRIC PRESSURE FOR SUB-ADDITIVE POTENTIALS 21
Proof. It follows from Theorem 1.1, Lemma 4.7, 4.8, and Proposition
4.6. 
Corollary 4.9. Given any µ ∈ Mef (M), and any sequence of sub-
additive potentials G = {log gn}∞n=1 of f on M . Set
K = {x ∈M | lim
→0
lim
n→∞
−1
n
log µηx(B
u
n(x, )) = h
u
µ(f)
and lim
n→∞
1
n
log gn(x) = G∗(µ)},
then
P uµ (f,G) = P uB(f,G, K) = CP u(f,G, K) = CP u(f,G, K).
Proof. It is easy to see that µ(K) = 1. For any positive integer k, any
 > 0, and any small number ρ > 0, take η ∈ Pu, by Lemma 3.2 in [8]
and the Birkhoff’s ergodic theorem, one has
lim
n→∞
− 1
n
log µηy(B
u
n(y, /2)) = h
u
µ(f |η)
for µ-a.e. y, and
lim
n→∞
1
n
n−1∑
i=0
1
k
log gk(f
iy) =
∫
1
k
log gkdµ
for µ-a.e. y.
For any y ∈ K, there exists an N(y) = N(y, ρ, ) > 0 such that if
n ≥ N(y), then ∣∣∣∣ 1n log µηy(Buni(y, /2)) + huµ(f |η)
∣∣∣∣ ≤ ρ,
and ∣∣∣∣∣ 1n
n−1∑
i=0
1
k
log gk(f
iy)−
∫
1
k
log gkdµ
∣∣∣∣∣ ≤ ρ.
Set Kn = {y ∈ K | N(y, ρ, ) ≤ n}, then K =
⋃
n≥1Kn. By a quite
similar proof of Lemma 4.7 and let n→∞, we get
CP
u
(f,G, K,W u(x, δ)) ≤ huµ(f |η) +
∫
1
k
log gkdµ+ 3ρ.
Let k →∞, by the arbitrariness of ρ , one gets
CP
u
(f,G, K) ≤ huµ(f) + G∗(µ).
On the other hand, by Proposition 4.6, one has
P uB(f,G, K) ≤ CP u(f,G, K) ≤ CP u(f,G, K),
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and by a similar proof of Lemma 4.8, one gets
P uB(f,G, Z,W u(x, δ)) ≥ huµ(f) + G∗(µ).
for any unstable neighborhood W u(x, δ), hence
P uB(f,G, K) ≥ huµ(f) + G∗(µ),
then the conclusion follows based on Theorem 1.1. 
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